In a previous paper [1] , it has been shown that the negative norm states necessarily appear in a covariant quantization of the minimally coupled scalar field in de Sitter space, and their presence eliminates any ultraviolet and infrared divergence [2] . It is possible to extend this method to the interacting quantum field in Minkowski space-time (λφ 4 theory), and this again yields a natural renormalization procedure [3] . In this paper we use this method for calculating the one-loop effective action for scalar field in a general curved space-time. It is found that any divergence does not appear and it is not needed to change the Einstein's field equation in view of divergence elimination.
Introduction
In the previous papers, we have presented physical motivations for keeping the negative norm states in QFT ("Krein" QFT), which are also solutions of the field equation [1, 2, 3] . We have also shown that the effect of these states appears in the physics of the problem by allowing an automatic renormalization of the theory. This means that the negative norm states in QFT might play a central renormalization role. We have also shown that, for the physical states (positive norm states), the energy is positive whereas for the negative norm states (called "unphysical" states) the energy is negative. There are various interpretations about these negative norm states [4, 5, 6 ], but we shall not deal with this question here.
In the usual QFT, the one-loop effective action for the scalar field in a general curved space is divergent and one way to get round divergence is modifying the Einstein's field equations.
We are here in the heart of one of the most important problems of quantum gravity where, for every new loop expansion, new terms in the Einstein's field equations are needed. This means that the theory is not renormalizable. In this paper we would like to present a new method for calculating the one-loop effective action for the scalar field in a general curved space-time. We can show very simply that the one-loop effective action is finite and there is no need to change the Einstein's field equations in the one loop approximation. This maybe true at all orders of approximation. The paper is presented in the following order. In section 2 we briefly recall the usual calculation. In Section 3 we use rules set up in a previous paper (Krein QFT) [3] for calculating the one-loop effective action for a scalar field in a general curved space-time. Finally, section 4 contains a brief conclusion and outlook.
Usual QFT calculation
In this section, the usual QFT calculation for the one-loop effective action is recalled [7] . The scalar field in a general curved space-time is defined by:
where 2 is the Laplace-Beltrami operator in curved space-time and m is the "mass" of the field quanta. R(x) is the Ricci scalar curvature and ξ is the coupling constant between the scalar field and the gravitational field. The adiabatic expansion of the Feynman propagator and the stress-tensor are given by equations (3.141) and (3.190) respectively [7] . The Feynman propagator is defined by (3.130)
where symbol ≈ indicates an asymptotic expansion and y is the Reimann normal coordinates for the point x, with origin at point x ′ . In the semi classical theory the Einstein's field equations are:
where < T µν > is the quantum expectation value of the matter stress-tensor. The effective action (W ) of the quantum matter field is defined by :
In the one-loop approximation it is defined by
where
We can also write the effective Lagrangian in the following form
Replacing G p F (x, x) from equation (2) in equation (7) we have
In this relation there are three terms of divergences. For eliminating these divergences the left-hand side of the Einstein's field equation is changed and Λ and G are also redefined (renormalization procedure) [7] R µν − 1 2 Rg µν + Λg µν + αH
A standard technique in QFT indicates that the terms involving higher derivatives of the metric are expected in view of divergence elimination. An explicit form of the Green's function is presented, which is very important in the following calculation. Using following integral representation in (2) 1
permuting the d 4 k integration with ds integration in (2), and performing the former, we obtain
where σ = 
Krein QFT calculation
The origin of divergence lies in the singular character of Green's function at short relative distances. It has been shown in [3] that if the negative norm states, also solutions of the field equation, are taken into account in the field quantization, the problem of the divergence disappears. The Feynman propagator is defined as the time-ordered product of fields
where is presented by the following relation [3]
If new theory is used for the Green's function (2), the propagator in this equation must be replaced by the following expression [3] 
Using the equations (10) and (12), the following relation for the Green's function is obtained
This expression in the limit x = x ′ , simplifies to
where the integral ∞ 0 se −s ds = 1 is presented in view of the following calculation of the effective action. This Green's function is convergence in the ultraviolet limit (x → x ′ , δ(σ) = 0). The divergence in the delta function form does not appear in the physical quantity due to the integration on the space-time and it does not be taken as an ultraviolet divergence.
It is thus shown very simply that the divergences in the effective action disappear and that the theory is renormalized in a rather natural way. Therefore, there is no need for changing the Einstein's field equation in the one-loop approximation. If we use eq. (15) and the procedure which is used when only positive norm states are involved [7] , the following expression for the effective Lagrangian is obtained
Then the effective Lagrangian in the one-loop approximation reads:
In the usual QFT approach, the first three terms are divergent. With our approach we have
which means L ef f (x) is convergent. One of the interesting issue of this calculation is that, in the one-loop approximation, the second derivative of the metric dose not appear in the effective action [7] :
which is similar to the Einstein-Hilbert action with a cosmological constant (de Sitter background). This could have interesting implications for quantum gravity.
Conclusion
't Hooft and Veltman have shown that all one-loop divergencies of pure gravity can be absorbed in a field renormalization. However, in the case of gravitation interacting with a scalar field, divergencies in physical quantities remain [8], unless employing the terms which change the Einstein's field equation [7] . In this paper, it is proved that if the negative norm states are put into QFT formalism in the case of gravitation interacting with a scalar field, divergencies in physical quantities disappear and there is no need for changing the Einstein's field equation in the one-loop approximation. Then the quantum gravity in the one-loop approximation behaves in a satisfactory way, with no need for changing the Einstein's field equation. For the next loop expansion it seems to be very attractive to use this new approach. The important question about the latter is the real significance of the negative norm states, and this is of course far from being clear. We can just affirm that the effect of these states on a local universe level appears as an automatic renormalization of the theory.
